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Abstract
In this paper we analyse a problem of a hydraulic fracture driven by a non-Newtonian shear-
thinning fluid. Fluid viscosity is described by the four-parameter truncated power-law model. By
varying the parameters of the rheological model we investigate spatial and temporal evolution of fluid
flow inside the crack and the resulting fracture geometry. A detailed quantitative and qualitative
analysis of the underlying physical phenomena is delivered. The evolution of the fluid flow regimes
is shown. The results of this analysis demonstrate that rheological properties of fracturing fluids
significantly affect the process of hydraulic fracture not only by the limiting magnitudes of viscosity,
but also by the range of fluid shear rates over which variation of viscosity occurs.
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1 Introduction
Hydraulic fracturing (HF) is a phenomenon of a hydraulically propelled crack propagating in a solid material. It
can be encountered in many natural and man-made processes. One of its most prominent intentional application
in technology is fracking - a technique used to stimulate tight hydrocarbon reservoirs.
The physical behaviour of the fracturing fluid is very important for successful execution of HF treatments. In
fact, it is one of very few elements of the process that can be engineered. Fracturing fluids are designed so as to
achieve an optimal combination of mechanical and chemical properties at a reasonable cost (Barbati et al., 2016).
For example, since shear-thinning rheology improves the suspending properties of fluid, which in turn facilitates
proppant transport, the fracturing fluids are intentionally made shear-thinning (Bao et al., 2017). Most of the
complex fracturing fluids exhibit non-Newtonian behaviour. In the case of shear-thinning fluids the viscosity
decreases with shear rate growth. However, with real fluids this trend holds only over some range of shear rates.
For low and high shear rates Newtonian plateaus are reached (Moukhtari & Lecampion, 2018). Nevertheless, it
is still not well understood how this complex characteristics affect the propagation of hydraulic fractures.
The simplest mathematical model capable of describing the non-Newtonian properties of fracturing fluid is the
power-law model (Bird et al., 1987). Being convenient in computational implementation, the concept of power-
law fluid has been frequently employed in numerical modelling of hydraulic fractures (Adachi & Detournay, 2002;
Garagash, 2006; Perkowska et al., 2016; Peck et al., 2018,a). However, the simple power-law rheology cannot
correctly describe the complex characteristics of a real fracturing fluid with viscosity plateaus. Thus, respective
results produced for high and low shear rates are unrealistic. Here, more advanced four-parameter models such
as the Carreau or the Cross are better suited (Bird et al., 1987; Habibpour & Clark, 2017). On the other hand,
these models are cumbersome in numerical implementation as they do not allow analytical integration of the
∗Corresponding author: wrobel.michal@ucy.ac.cy
1
ar
X
iv
:2
00
7.
04
20
8v
1 
 [p
hy
sic
s.f
lu-
dy
n]
  8
 Ju
l 2
02
0
respective flow equations to obtain formula for the average fluid flow rate. This problem was circumvented in
Wrobel (2020) where an efficient algorithm to model the flow of generalized Newtonian fluids in channels of simple
geometries was introduced. The proposed subroutine enables one to compute the average velocities and fluid
flow rates with much better efficiency that any other scheme described in the literature. Thus, it is well suited
for the hydraulic fracture problems, where multiple evaluations of the aforementioned parameters are needed.
Another way to account for the complex fluid rheology is to use a simplified model which retains the most
important features of the original law, while simultaneously allowing analytical integration of the flow equations.
Such a simplified four-parameter model, called the truncated power-law model, was introduced in Lavrov (2015).
This model constitutes in fact a simple regularization of the pure power-law, where the cut-off viscosities for
low and high shear rates are introduced. The applicability of the truncated power-law rheology in the hydraulic
fracture problems was investigated in Wrobel (2020a) using the example of the PKN geometry (Nordgren, 1972;
Kusmierczyk et al., 2013). It was proved that the truncated power-law model is a very credible substitute for the
Carreau fluid, providing the results that mimic those obtained for the Carreau variant with accuracy sufficient
for any practical application. Thus, when analysing hydraulic fracture problems with the truncated power-law
fluid one can extend with confidence the conclusions to the cases of more advanced four-parameter rheological
models. Moreover, while using the truncated power-law model we can introduce explicitly not only the values of
cut-off viscosities, but also the magnitudes of limiting shear rates at which the cut-offs occur. In this way one
can easily control the parameters of fluid rheology and examine precisely their influence on the overall process.
In this paper we analyse a problem of a hydraulic fracture driven by a shear-thinning truncated power-law
fluid. The KGD fracture geometry (Wrobel & Mishuris, 2015) is considered in a formulation that accounts for
the hydraulically induced tangential tractions on the crack flanks (Wrobel et al., 2017, 2018). The paper is in a
sense complementary to the previous report by Wrobel (2020a), where it was shown among other things that: i)
the truncated power-law is a good substitute for the Carreau model, ii) the fluid flow inside the fracture evolves
from the high shear rate Newtonian regime at initial times towards the intermediate shear rate regimes at later
stages. As the PKN geometry does not reflect properly the near-tip region of a planar fracture, it is the present
research that provides relevant information on the spatial distribution of flow regimes inside the crack, including
the near-tip zone. Moreover, in Wrobel (2020a) it was identified that the range of shear rates over which the
viscosity gradation takes place is equally important for the HF process as the magnitudes of cut-off viscosities
themselves. Now, with the truncated power-law we will quantify precisely this influence.
The paper is organised as follows. In Section 2 we introduce a mathematical formulation of the considered
problem. In Section 3 the truncated power-law model is described together with resulting expressions for the
velocity and fluid flow rate. Section 4 includes presentation of the computational results for varying parameters
of the truncated power-law. The discussion of results is provided in Section 5. The final conclusions are presented
in Section 6.
2 General relations
We consider a hydraulic fracture problem based on the formulation introduced in Wrobel et al. (2017). It employs
the KGD fracture geometry as schematically shown in Fig. 1. The symmetrical two-winged fracture of length
2L propagates in the plane x ∈ [−L,L], where L = L(t). In our analysis only one of the symmetrical parts
(x ∈ [0, L]) is taken into account. The fracture height, H, is assumed constant, while the fracture opening,
w(x, t), is an element of the solution.
The local mass balance within the fracture is described by the continuity equation:
∂w
∂t
+
∂q
∂x
+ ql = 0, (1)
where q(x, t) is the normalised fluid flow rate through the fracture cross sections and ql(x, t) stands for the
normalised leak-off function (both quantities use a normalisation factor: H). The fluid velocity averaged over
the fracture cross section is defined as:
v =
q
w
. (2)
We assume that there is no lag between the fluid front and the fracture tip and the leak-off is bounded at the
crack apex. Thus, the fluid velocity at the fracture tip equals the crack propagation speed:
v(L, t) =
dL
dt
. (3)
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Figure 1: The KGD fracture geometry.
The elastic deformation of the solid material under the applied hydraulic loading is described by the elasticity
equation. Here we accept its form introduced in Wrobel et al. (2017), which accounts for both, the normal
pressure, p, and the tangential tractions, τ , exerted by the fluid on the crack flanks:
p(x, t) =
∫ L(t)
0
[
k2
∂w(s, t)
∂s
− k1τ(s, t)
]
s ds
x2 − s2 , 0 ≤ x < L(t). (4)
The tangential traction is computed as:
τ(x, t) = −w
2
∂p
∂x
. (5)
The respective multipliers k1 and k2 in (4) are:
k1 =
1− 2ν
pi(1− ν) , k2 =
1
2pi
E
1− ν2 , (6)
with ν being the Poisson’s ratio and E denoting the Young modulus.
In Wrobel et al. (2017) it was proved that, when using the elasticity operator (4), the only permissible type
of tip asymptotics is the one of the so-called toughness dominated regime (see also Wrobel & Mishuris (2015)):
w(x, t) = w0(t)
√
L(t)− x+ w1(t)(L(t)− x) + w2(t)(L(t)− x)3/2 ln(L(t)− x) + ..., x→ L(t), (7)
p(x, t) = p0(t) ln(L(t)− x) + p1(t) + p2(t)
√
L(t)− x+ p3(t)(L(t)− x) ln(L(t)− x) + ..., x→ L(t), (8)
where the respective multipliers wi, pi depend on time only.
Moreover, when accounting for the hydraulically induced tangential traction, the standard LEFM crack
propagation condition no longer holds. Instead, the fracture extension condition based on the Energy Release
Rate (ERR) yields:
K2I + 4(1− ν)KIKf = K2Ic, (9)
where KI is the standard Mode I stress intensity factor, Kf is the so-called shear-stress intensity factor and K
2
Ic
denotes the material fracture toughness. KI and Kf are interrelated in the following way:
Kf =
p0
G− p0KI , (10)
with p0 being the multiplier of the leading asymptotic term of fluid pressure (compare (8)) and G standing for
the bulk shear modulus.
Respective boundary conditions for the problem include:
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• two tip boundary conditions:
w(L, t) = 0, q(L, t) = 0, (11)
• the influx boundary condition:
q(0, t) = q0(t). (12)
Finally, the initial conditions define the initial crack length and the initial fracture aperture:
L(0) = L∗, w(x, 0) = w∗(x). (13)
3 Fluid flow equations: truncated power-law model
In Lavrov (2015) the truncated power-law model of fluid was proposed as a substitute for the Carreau law. It
constitutes a simple regularization of the pure power-law model, where low and high shear rate cut-off viscosities,
η0 and η∞, are employed. In this way, the inherent drawbacks of the power-law rheology are eliminated, whereas
a relative ease of computational implementation is retained. In Wrobel (2020a) the results obtained with the
truncated power-law fluid were compared with those produced with Carreau model for the PKN fracture. It
turned out that the truncated power-law rheology is a good replacement for the Carreau fluid in the HF problems.
It provides the quality of approximation of the Carreau results that is sufficient in any practical application.
In the truncated power-law model the apparent viscosity is expressed as:
ηa =

η0 for |γ˙| < |γ˙1|,
C|γ˙|n−1 for |γ˙1| < |γ˙| < |γ˙2|,
η∞ for |γ˙| > |γ˙2|,
(14)
where γ˙ stands for the fluid shear rate (inside the crack we adopt the coordinate system from Wrobel (2020), as
a result γ˙ < 0) , C is the so-called consistency index and n denotes the fluid behaviour index. For 0 < n < 1 one
obtains shear-thinning properties, while n > 1 yields the shear-thickening characteristic. The limiting values of
shear rates for which the cut-off viscosities are employed are:
|γ˙1| =
(
C
η0
)1/(1−n)
, |γ˙2| =
(
C
η∞
)1/(1−n)
. (15)
When employing the truncated power-law rheology to model the flow in a flat channel (slit flow) one obtains
up to three shear rate layers in each of the symmetrical parts of the conduit, as schematically depicted in Fig. 2
(for a detailed explanation see Wrobel (2020)):
• The low shear rate domain, where the Newtonian-type behaviour of the fluid holds with viscosity η0. The
layer is located in the very core of the flow and its thickness is defined by δ1:
δ1 = −
(
∂p
∂x
)−1
η
n
n−1
0 C
1
1−n . (16)
If δ1 ≥ w/2, then the layer thickness is limited by the fracture width.
• The intermediate shear rate domain with the power-law behaviour of the fluid. Its thickness, δ2, is:
δ2 = −
(
∂p
∂x
)−1
C
1
1−n
(
η
n
n−1∞ − η
n
n−1
0
)
. (17)
Again, if δ1 + δ2 ≥ w/2, then the upper boundary of the layer is defined by the crack wall.
• The high shear rate domain that covers this part of the fracture for which |γ˙| > |γ˙2|. Its thickness is
described by δ3:
δ3 =
w
2
− δ1 − δ2 = w
2
+
(
∂p
∂x
)−1
C
1
1−n η
n
n−1∞ . (18)
This layer, if appears, is adjacent to the crack flank. The Newtonian model of the fluid with viscosity η∞
is valid here.
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Figure 2: The channel cross section and velocity profile, V (x, y, t). Only the upper symmetrical part is
shown.
As can be seen from (16)–(18), for predefined fluid rheology the sizes of respective layers depend on the
values of w and ∂p/∂x. Naturally, they change in space and time as the fracture evolves. Specifically, when
approaching the crack tip it is the high shear rate Newtonian layer that tends to occupy the whole width of the
fracture with ∂p/∂x → −∞ . When estimating the relative (with respect to the crack opening, w) thickness of
this layer one gets:
2δ3
w
= 1 + 2C
1
1−n η
n
n−1∞
(
w
∂p
∂x
)−1
, (19)
which combined with the tip asymptotics (7)–(8) yields:
2δ3
w
= 1− 2w0p0C 11−n η
n
n−1∞
√
L− x+ ..., x→ L(t). (20)
The fluid flow rate for the truncated power-law model can be computed by analytical integration of respective
flow equations (Wrobel, 2020). Depending on the number of existing shear rate layers one has:
• for the case of a single (low shear rate) layer:
q = − 1
12η0
∂p
∂x
w3, (21)
• for the case of two (low and intermediate shear rate) layers:
q =
2(1− n)
3(1 + 2n)
(
∂p
∂x
)−2
C
3
1−n η
2n+1
n−1
0 +
2n
2n+ 1
(
− 1
C
∂p
∂x
) 1
n (w
2
) 2n+1
n
, (22)
• for the case of three (low, intermediate and high shear rate) layers:
q = − 1
12η∞
∂p
∂x
w3 +
2(1− n)
3(1 + 2n)
(
∂p
∂x
)−2
C
3
1−n
(
η
2n+1
n−1
0 − η
2n+1
n−1∞
)
. (23)
Following Wrobel (2020a) we adopt here a general definition of the fluid flow rate in the form:
q = − 1
12η∞
w3
∂p
∂x
F (x, t) , (24)
where F can be deduced from (21)–(23). For the Newtonian high shear rate regime of flow (ηa = η∞) function
F assumes a unit value, whereas for the Newtonian flow at low shear rates (with viscosity ηa = η0) F yields
η∞/η0. In this way F (x, t) informs us to what degree the solution in a certain spatial and temporal location
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deviates from the high shear rate Newtonian regime of flow. Note that in the light of estimations (19)–(20) the
asymptotic definition of F (x, t) yields:
F (x, t) = 1− 12η∞A(
w ∂p
∂x
)3 , x→ L(t), (25)
where:
A =
2(1− n)
3(1 + 2n)
C
3
1−n
(
η
2n+1
n−1
0 − η
2n+1
n−1∞
)
.
By employing the asymptotic relations (7)–(8) in (25) we arrive at the following estimation:
F (x, t) = 1 +
12η∞A
w30p
3
0
(L− x)3/2 + ..., x→ L(t), (26)
which means that the high shear rate Newtonian regime of flow is retained in the immediate proximity of the
fracture tip. Clearly, the size of the zone over which this asymptotics holds varies with fracture evolution.
4 Numerical analysis
The rheological properties of fracturing fluid affect crucially the process of hydraulic fracture. Viscosity of many
fluids used in fracking treatments can be properly described by four-parameter models such as Carreau and
Cross (Moukhtari & Lecampion, 2018). Unfortunately, no closed form solutions for fluid flow rate exist for these
models, which makes them cumbersome in numerical implementation. In Wrobel (2020a) it was shown that the
truncated power-law model can be a good substitute for the Carreau rheology, while simultaneously providing a
relative simplicity in numerical implementation.
In the following analysis we will use the truncated power-law model to investigate the spatial and temporal
evolution of the fluid flow regime inside the fracture and the resulting influence on crack geometry. The aim here
is not to reproduce rather trivial conclusion that by increasing the fluid viscosity one obtains shorter and wider
fracture (and, conversely, when the viscosity is reduced the crack grows longer and thinner). Instead, the core of
this study will be concentrated on the investigation how varying values of limiting shear rates affect the process
of hydraulic fracturing for fixed values of the cut-off viscosities η0 and η∞.
To this end, we will consider some hypothetical fluid with limiting viscosities η0 = 0.5 Pa·s and η∞ =
10−3 Pa·s. Similar values hold, for example, for the Hydroxypropylguar (HPG) fracturing fluid (Moukhtari &
Lecampion, 2018). We set the lower limiting shear rate to |γ˙1| = 1 s−1, which is also a figure close to that for the
HPG fluid. As can be seen in Wrobel (2020a), it is a relatively large value for a fluid used in fracking treatments,
however we want to demonstrate some related effect that would be less visible if |γ˙1| was taken smaller. With
the above fluid parameters maintained constant we will consider six different magnitudes of |γ˙2| - see Tab. 1.
The resulting effects will be quantified and analyzed. Note that for each considered variant the parameters of
the truncated power-law model (14) are computed as:
n =
log(η0/η1)
log(γ˙1/γ˙2)
+ 1, C =
η0
|γ˙1|n−1 =
η∞
|γ˙2|n−1 . (27)
In order to obtain shear-thinning behaviour of the fluid (0 < n < 1) the following condition has to be satisfied:
|γ˙2| > η0
η∞
|γ˙1|. (28)
The lowest value of |γ˙2| (500.1 s−1) was taken very close to the limit (28)1. As a result the power-law part of the
viscosity characteristics resembles that of a perfectly plastic fluid. On the other hand the highest value of |γ˙2|
was set two orders of magnitude greater than the one of the HPG fluid. The power law sections of the viscosity
characteristics (14) in respective variants are depicted in Fig. 3.
For the above specified cases of the fracturing fluid rheology we will perform a number of simulations assuming
some typical values of the HF parameters. Following Papanastasiou (1999) we set: E = 16.2 GPa, ν = 0.3,
1We do not want to analyze here the special case of a perfectly plastic fluid, n = 0, which produces a plug flow. However,
the applied methodology can be employed for n = 0 as well.
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η0, Pa·s 0.5
η∞, Pa·s 10−3
|γ˙1|, s−1 1
|γ˙2|, s−1 500.1 103 5 · 103 104 106 108
C, Pa·sn 0.5
n 3.27 · 10−5 0.1003 0.2703 0.3253 0.5502 0.6626
Table 1: Fracturing fluid parameters.
100 102 104 106 108
0
0.1
0.2
0.3
0.4
0.5
|γ˙|
ηa
Figure 3: The power-law section of the viscosity characteristics for different values of |γ˙2|.
KIc = 1 MPa·√m, q0 = 5 · 10−4 m2s . The influx magnitude is increased from zero for t = 0 s to the maximum
q0 at t1 = 1 s and then kept constant:
q¯0(t) =
{(
3
t21
t2 − 2
t31
t3
)
q0 t < t1,
q0 for t ≥ t1.
(29)
Note that the above formula provides a smooth transition between the limiting values of influx. The leak-off to
the rock formation is set to zero (ql = 0), just as the initial fracture length and velocity. The overall time of the
process is tend = 20 s.
The computations are performed by the HF solver initially developed in Wrobel & Mishuris (2015); Perkowska
et al. (2016). The subroutine to compute the fluid flow rate for the truncated power-law model was adopted
from Wrobel (2020).
Let us start the analysis of computational results with some insight into the geometry of created fractures
and the fluid flow speed. In Figs. 4–5 we depict the obtained: i) crack lengths, L, ii) crack openings at x = 0,
w(0, t), iii) crack propagation speeds, v0, and iv) fluid velocities at the crack mouth, v(0, t). Additionally, we
present two solutions produced for Newtonian fluids with viscosites η0 and η∞, respectively. Any solution for
a shear thinning fluid (0 < n < 1) has to be encompassed by these two limiting variants. In particular, when
|γ˙2| is sufficiently small, then the results tend to those obtained for η∞ (compare Wrobel (2020a)). On the other
hand, with |γ˙2| → ∞ we are moving towards the Newtonian solution with viscosity η0.
As can be seen in the figures, with growing |γ˙2| the fracture becomes shorter and wider. Simultaneously, the
crack propagation speed and the fluid velocity decrease. This rather trivial observation is explained by the fact
7
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Figure 4: Simulation results in terms of: a) the crack length, L [m], and b) the crack opening, w(0, t)
[m], at the fracture mouth. Curves denoted as η0 and η∞ refer to solutions obtained for the Newtonian
fluids of corresponding viscosities.
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Figure 5: Simulation results in terms of: a) the crack propagation speed, v0
[
m
s
]
, and b) fluid velocity
at the fracture mouth, v(0, t)
[
m
s
]
. Curves denoted as η0 and η∞ refer to solutions obtained for the
Newtonian fluids of corresponding viscosities.
that growing |γ˙2| makes the fracturing fluid more viscous over the increasingly longer section of the fracture.
Respective data for |γ˙2| ≤ 103 is virtually indistinguishable from the results obtained for ηa = η∞ (and thus we
use only markers to depict the former in the figures). This suggests that the fluid flow in these cases is close to
the Newtonian high shear rate regime. At the same time, even the solution obtained for |γ˙2| = 108 is still far
away from the low shear rate limiting case (ηa = η0). In order to trace the spatial and temporal evolution of
the related flow regimes we will investigate below three of |γ˙2| variants (|γ˙2| = {500.1, 5 · 103, 106} s−1) in some
more detail. By using these examples we will show the underlying mechanisms that determine the interrelation
between rheological properties of the fluid and the regime of flow.
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4.1 |γ˙2| = 500.1 s−1
Let us start by analyzing the fluid flux component function F (x, t) of (24). Its distribution over space and time
is depicted in Fig. 6. It shows that F yields 1 virtually over the entire space and time domain. This indicates
that the fracture is in the high shear rate Newtonian regime of flow during the whole process of its propagation.
For this reason the solution presented in Figs. 4–5 coincides perfectly with that produced for the Newtonian
high shear rate model (ηa = η∞).
x
Lt
F
Figure 6: The component function of fluid flow rate, F (x, t), for |γ˙2| = 500.1 s−1.
In Wrobel (2020a) it was shown that the fluid shear rate integrated over the fracture surface can be a very
informative parameter in understanding the regime of flow. We introduce here the following definition of average
shear rate:
Γ(t) =
2
L(t)
∫ L(t)
0
1
w(x, t)
∫ w(x,t)
2
0
γ˙(x, y, t)dydx. (30)
The evolution of |Γ(t)| in time is presented in Fig. 7. For comparison we plotted in the figure also the values of
|γ˙1| and |γ˙2|. One can see that the average shear rates are above the higher cut-off threshold |γ˙2| over the entire
time interval. Thus, even though locally |γ˙| assumes smaller values, it is the high shear rate part of viscosity
characteristics that dominates the process. It is also notable that |Γ(t)| decreases with time.
In Fig. 8 and Fig. 9a) we depict the relative, with respect to the fracture width, thicknesses of corresponding
shear rate layers (see (16)–(18)). It turns out that the Newtonian high-shear rate layer occupies over 85 % of
the fracture width at any point of space and time. Obviously, according to the estimation (26), this number
grows to 100 % when approaching the crack tip. The Newtonian low shear rate layer (ηa = η∞) only in the final
time instant stretches for little less than 15 % of the crack width in the proximity of the fracture inlet, and then
shrinks towards the apex. The size of the intermediate shear rate power-law layer is negligible as compared to
the previous two. A clear trend of δ1 and δ2 growth in time at the expense of δ3 can be noticed.
In order to quantify the size of the near tip high shear rate Newtonian layer we introduce here the characteristic
distance from the crack tip, ε99, over which this layer occupies at least 99 % of the crack width. In other words:
2δ3
w
≥ 0.99, x ∈ [(1− ε99)L,L] . (31)
The temporal distribution of ε99 is presented in Fig. 9b). It shows that in the early times of crack propagation
the Newtonian layer, defined by condition (31), stretches over the entire crack length. Then the layer is reduced
and reaches less than 1% of the crack length in the final time instant.
We conclude this part of our analysis by presenting in Fig. 10 the spatial distribution of the apparent viscosity
ηa over the fracture cross section in the final time instant (t = 20s). Only one of the symmetrical parts with
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Figure 7: The fluid shear rate averaged over fracture surface, |Γ(t)|, for |γ˙2| = 500.1 s−1.
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Figure 8: The relative thickness of: a) the low shear rate layer, δ1, and b) the intermediate shear rate
layer, δ2, for |γ˙2| = 500.1 s−1.
respect to the x axis is shown (i.e. y ∈ [0, w/2]). One can very clearly see the plateau of η0 in the core of the flow
(where γ˙ assumes near-zero values). Simultaneously, over most of the fracture area the lower limiting viscosity
η∞ is retained. Naturally, this zone increases when approaching the crack tip. It is only a very narrow strip
between the aforementioned zones where the interim values of ηa are achieved. These values correspond to the
power-law section of the truncated power-law characteristics.
4.2 |γ˙2| = 5 · 103 s−1
The fluid flow rate component function, F (x, t), for |γ˙2| = 5 · 103 is shown in Fig. 11a). This time F is close
to 1 over the entire crack length only in the initial times. With time growth it is only the near tip zone where
the high shear rate Newtonian regime of flow is retained. On the other hand, the limiting value of F for the low
shear rate Newtonian regime (η∞/η0) is not achieved at any point. This suggests that fluid flow regime evolves
10
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Figure 9: a) The relative thickness of the high shear rate layer. b) The relative length of the high shear
rate Newtonian layer, ε99, for |γ˙2| = 500.1 s−1.
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Figure 10: Apparent viscosity distribution inside the fracture for the final time instant t = 20 s, for
|γ˙2| = 500.1 s−1.
towards the one dominated by the power-law section of the viscosity characteristics.
In order to substantiate this observation we present in Fig. 11b) a ratio of the computed fluid flow rate, q,
over the fluid flux recreated according to the classical solution for the pure power-law fluid (Perkowska et al.,
2016):
qpl(x, t) =
n
2n+ 1
2−
n+1
n
(
− 1
C
∂p
∂x
)1/n
w
2n+1
n . (32)
It can be seen in the figure that this ratio grows from zero at the initial times to almost unity over substantial
part of the fracture length at the final time instant. Clearly, in the near-tip zone a zero value is retained due to
the high shear rates dominance (i.e. the Newtonian model with viscosity η∞ holds exclusively).
The temporal evolution of the average shear rate is depicted in Fig. 12. Unlike the case of |γ˙2| = 500.1
s−1, this time |Γ| falls below |γ˙2| (|Γ| = |γ˙2| at around t = 9s) to reach the shear rates range pertaining to the
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Figure 11: a) The component function of fluid flow rate, F (x, t). b) The ratio of the fluid flow rate, q,
over the fluid flux computed according to the classical power-law solution, qpl, for |γ˙2| = 5 · 103 s−1.
power-law section of viscosity characteristics.
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Figure 12: The fluid shear rate averaged over fracture surface, |Γ(t)|, for |γ˙2| = 5 · 103 s−1.
The relative thicknesses of respective shear rate layers are plotted in Figs. 13–14a). As previously, the high
shear rate Newtonian layer prevails at initial times and in the proximity of the crack tip (see Fig. 14a)). The
relative contribution of low shear rate Newtonian layer has been reduced with respect to the case |γ˙2| = 500.1
s−1. However, this time one can clearly notice that it is the intermediate (power-law) layer that tends to occupy
most of the fracture width at the later stages of crack propagation.
The relative distance over which the high shear rate Newtonian layer stretches along the crack length, ε99,
changes now from 5% at t = 0 s to 0.07% at the final time instant (see Fig. 14b)).
Finally, the distribution of the apparent viscosity ηa over the fracture cross section at t = 20 s (Fig. 15)
becomes distinctly different from the one obtained for |γ˙2| = 500.1 s−1 (see Fig. 10). Even though the viscosity
plateaus of η0 and η∞ are again easily identified, the area over which the intermediate (power-law) characteristics
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Figure 13: The relative thickness of: a) the low shear rate layer, δ1, b) the intermediate shear rate layer,
δ2, for |γ˙2| = 5 · 103 s−1.
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Figure 14: a) The relative thickness of the high shear rate layer. b) The relative length of the high shear
rate Newtonian layer, ε99, for |γ˙2| = 5 · 103 s−1.
holds has substantially increased.
4.3 |γ˙2| = 106 s−1
In the last analyzed in detail case, the fluid flux component function, F , tends to unity only in the near-tip zone
regardless of the stage of crack propagation (Fig. 16a)). Simultaneously, the fluid flow rate computed with the
pure power-law viscosity, qpl, mimics perfectly the actual flux, q, everywhere except in the immediate vicinity of
the fracture apex (Fig. 16b)).
An explanation of this fact becomes obvious when one looks at the graph of the average shear rate Γ(t) (Fig.
17). It shows that over the entire temporal domain the following relation is satisfied:
|γ˙1| < |Γ| < |γ˙2|.
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Figure 15: Apparent viscosity distribution inside the fracture for the final time instant t = 20s, for
|γ˙2| = 5 · 103 s−1.
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Figure 16: a) The component function of fluid flow rate, F (x, t). b) The ratio of the fluid flow rate, q,
over the fluid flux computed according to the classical power-law solution, qpl, for |γ˙2| = 106 s−1.
Also the distribution of the relative thicknesses of respective shear rate layers (Figs. 18–19a)) reveals that
the intermediate one (the power-law layer of thickness δ2) occupies almost the whole width of the fracture.
In comparison with the case of |γ˙2| = 500.1 s−1, the relative thickness of the low shear rate Newtonian layer
(ηa = η0) has been reduced by approximately ten times, while the relative thickness of the high shear rate layer
(ηa = η∞) has shrunk to zero everywhere outside the near-tip zone. The relative coverage of the latter along the
crack length, in terms of ε99, ranges from 10
−4% at the initial time to 10−7% at t = 20 s (see Fig. 19b)).
The spatial distribution of apparent viscosity over the fracture cross section at t = 20 s is shown in Fig. 20.
Two crucial differences can be noticed with respect to the previous cases (see Fig. 10 and Fig. 15). Firstly, the
Newtonian plateau of η0 has disappeared almost completely. Secondly, there is no more any distinct Newtonian
plateau of η∞. The limiting viscosity η∞ is retained virtually only at the crack tip. Instead, over almost the
entire fracture footprint the apparent viscosity values correspond to the intermediate (power-law) range of the
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Figure 17: The fluid shear rate averaged over the fracture surface, |Γ(t)|, for |γ˙2| = 106 s−1.
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Figure 18: The relative thickness of: a) the low shear rate layer, δ1, and b) the intermediate shear rate
layer, δ2, for |γ˙2| = 106 s−1.
truncated power-law characteristics.
5 Discussion of the results
The general results presented in the first part of this analysis confirm that for varying |γ˙2| the solution evolves in
a parametric space encompassed by two limiting solutions obtained for Newtonian fluids, one for viscosity η0 and
the other for η∞. For |γ˙2| ≤ 103 the results are indistinguishable from those pertaining to η∞. Obviously, the
aforementioned value of |γ˙2| is not a strict limit and one can expect that even above this magnitude the resulting
data can coincide well with the limiting Newtonian solution. Clearly, this could be changed by increasing |γ˙1|.
However, the accepted value is approximately the upper limit for fracturing fluids (Wrobel, 2020a; Lavrov, 2015;
Moukhtari & Lecampion, 2018; Habibpour & Clark, 2017). For |γ˙1| < 1 s−1 the described situation would remain
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Figure 19: a) The relative thickness of the high shear rate layer. b) The relative length of the high shear
rate Newtonian layer, ε99, for |γ˙2| = 106 s−1.
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Figure 20: Apparent viscosity distribution inside the fracture for the final time instant t = 20 s, for
|γ˙2| = 106 s−1.
unchanged. On the other hand, the second limiting Newtonian solution with η0 is not reached even for |γ˙2| = 108,
which suggests that rather unrealistic values of |γ˙2| are needed to attain the low-shear rate limit.
The aforementioned evolution of results between the limiting regimes is caused by the interplay between the
predefined fluid rheology, the pumping rate and the resulting fracture geometry, when material parameters of
solid are assumed to be constant. In order to illustrate the underlying mechanisms three cases of |γ˙2| have been
analyzed in detail.
The first one, |γ˙2| = 500.1 s−1, constitutes an example of the high shear rate regime. Here, the average
values of shear rates, |Γ| are higher than |γ˙2| throughout the whole duration of fracture extension. The high
shear rate layer of thickness δ2 tends to occupy almost the whole width of the fracture, with its relative coverage,
ε99, reaching 100 % of the crack length at the initial stages of crack propagation. Even though the high shear
rate Newtonian layer shrinks with time, the results remain in close coincidence with those for the Newtonian
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fluid with η∞ up to the end of simulations.
The second example, |γ˙2| = 5 · 103 s−1, demonstrates a case where a gradual transition from the high shear
rate regime to a mixed mode takes place. This time |Γ| intersects at some point the level of |γ˙2| and the power-law
section of viscosity characteristics becomes dominant. Notably, the intermediate shear rate layer of thickness δ2
grows with time primarily at the expense of the high shear rate layer (δ3). The spatial coverage of the latter,
ε99, is of one order of magnitude lower than it was for |γ˙2| = 500.1 s−1.
Finally, the third example, |γ˙2| = 106 s−1, illustrates a situation where the power-law section of viscosity
characteristics dominates the process throughout its whole duration. The average values of the shear rates, |Γ|,
are now well inside the interval defined by |γ˙1| and |γ˙2|. It is only in the immediate vicinity of the crack tip
where the high shear rate Newtonian layer is predominant. The spatial coverage of this zone, ε, however, becomes
extremely small. The resulting fluid flow rate is in a very good agreement with the one recreated by the classical
solution for the power-law fluid. Thus, the latter model can be in this case a credible substitute for the truncated
power-law. The last conclusion can be also confirmed by results obtained in Wrobel (2020a) for the HPG fluid
in the framework of the PKN HF problem.
The description of the above three cases of |γ˙2| enables one to understand the evolution of the crack propaga-
tion regimes between the two limiting Newtonian modes, i.e. these examples illustrate the nature and direction
of the basic trends.
6 Final conclusions
In this paper a problem of a hydraulic fracture driven by shear-thinning fluid is analyzed. The rheological
properties of the fracturing fluid are described by the four parameter truncated power-law model. The KGD
(plane strain) fracture geometry is assumed in a modified formulation that accounts for the hydraulically induced
tangential tractions on the crack surfaces. For some typical parameters of the HF process a number of simulations
are performed with varying magnitude of the limiting cut-off shear rates. The underlying mechanisms that govern
the fracture evolution between limiting regimes are investigated.
The following conclusions can be drawn from the conducted analysis:
• The rheological properties of fracturing fluids affect crucially the process of hydraulic fracture not only by
the limiting values of viscosity, but also by the range of fluid shear rates over which variation of viscosity
occurs.
• When neglecting the fluid lag, it is always the near-tip zone where the Newtonian model of flow with
viscosity η∞ holds. This is due to high fluid shear rates caused by negative singular pressure gradient.
This conclusion holds for any fracturing fluid that exhibits high shear rate cut-off viscosity.
• For fixed parameters of the HF process the size of the Newtonian high shear rate zone depends on the
value of cut-off shear rate |γ˙2| and the stage of crack propagation. In general, the spatial coverage of this
zone decreases as the fracture evolves (with the crack length growth and the velocity decrease).
• With growing |γ˙2| the fluid flow inside the fracture evolves from the high shear rate Newtonian regime
towards the intermediate mode governed by power-law section of the viscosity characteristics. Locally,
the high shear rate regime is always retained at the crack tip. It seems that transition to the low shear
rate Newtonian regime of flow requires either unrealistically high values of |γ˙1| or very long times of the
process.
• As the truncated power-law rheology has been recognized to mimic well the Carreau model (Wrobel, 2020a),
the results of this analysis can be extended to more sophisticated four parameter rheological models of
fluid that exhibit limiting cut-off viscosities.
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